An arbitrary Lagrangian-Eulerian (ALE) finite element scheme for computations of soluble surfactant droplet impingement on a horizontal surface is presented. The numerical scheme solves the time-dependent Navier-Stokes equations for the fluid flow, scalar convection-diffusion equation for the surfactant transport in the bulk phase, and simultaneously, surface evolution equations for the surfactants on the free surface and on the liquid-solid interface. The effects of surfactants on the flow dynamics are included into the model through the surfactant-dependent surface tension and dynamic contact angle. In particular, the dynamic contact angle of the droplet is defined as a function of surfactants using the nonlinear equation of state for surface tension. Further, the surface forces are included in the model using the Boussinesq-Scriven law that allows to incorporate the Marangoni effects without evaluating the gradients of surfactant concentration on the free surface. In addition to a mesh convergence study and a validation of the numerical results with experiments, the effects of adsorption and desorption surfactant coefficients on the flow dynamics in wetting, partially wetting and non-wetting droplets are studied in detail. It is observed that the effect of surfactants are more in wetting droplets than in the non-wetting droplets. Further, the surfactant reduces the equilibrium contact angle further when it is less than 90
Introduction
Liquid droplets impinging on a solid substrate is encountered in many applications such as spray cooling, spray forming, spray coating, ink-jet printing, fuel injecting, etc. Apart form these applications, computations of the impinging droplets are also of a scientific interest for many researches due to the challenges associated with it. Main challenges associated in computations of impinging droplets are to prescribe the boundary condition on the liquid-solid interface, especially at the moving contact line, and to incorporate the wetting effects, in particular, the inclusion of the contact angle into the model equations. In addition to these challenges, the presence of soluble surfactants in the droplet makes the model more complicate.
Enormous number of studies on the choice of the boundary condition on the liquid-solid, especially in the vicinity of moving contact line, have been reported in the literature by several researchers [7, 9, 29, 58] .
The above list of reference is not complete, and for an overview it is refereed to [10, 37, 65, 54] and the references therein. Using the usual no-slip boundary condition on the liquid-solid interface could induce an unbounded stress singularity at the moving contact line. This singularity is also called kinematic paradox in the literature. Different types of slip boundary conditions have been proposed in the literature [10, 37, 65] to alleviate this singularity. Among all, the Navier-slip boundary condition is widely accepted, but it introduces the so-called slip coefficient. This unknown slip coefficient is also called a momentum transfer coefficient [33] . Even though a number of expressions have been proposed for the slip coefficient, it is often determined by comparing the computationally obtained wetting diameter with their corresponding experimental results [15] .
Another challenge associated with the computations of the moving contact line flows is the inclusion of the contact angle. This subject has also been studied by several researchers to a great extent, see for example, [5, 23, 25, 28, 31, 33] . In the lubrication theory approximations, the contact angle has been imposed as a boundary condition at the moving contact line, see for example [25, 30] . However, the inclusion of the contact angle is not straight forward in discretization based numerical schemes for computations of moving contact line flows [12, 14, 21, 48, 53, 63] . Moreover, the correct choice of the contact angle value in discretization based numerical schemes has also been a topic of research, see for example [15] .
One of the main components in a free surface flow solver is the interface capturing/tracking methods, and these methods can be classified into Eulerian and Lagrangian methods. In the Eulerian methods such as Volume-of-Fluid [26, 46, 48, 49, 50, 64] , Level set [24, 45, 51, 55, 56, 66] , Front Tracking [59, 61] , etc, the Navier-Stokes equations are solved in a fixed domain with variable material coefficients. Contrarily, the Navier-Stokes equations are solved in each phase simultaneously with a moving domain in the Lagrangian methods such as arbitrary Lagrangian-Eulerian [6, 18, 19, 27, 43, 44] and pure Lagrangian [12, 13] approaches. Although, a number of numerical studies have been reported in the literature for free surface and two-phase flows with insoluble surfactants [2, 11, 20, 34, 35, 36, 38, 39, 47, 49, 66, 68] , the effects of soluble surfactants have been considered only in a few recent studies [1, 3, 22, 41, 42, 57, 70] . In all these studies, numerical schemes have been developed for flows with surfactants in closed boundaries, that is, for flows without moving contact lines.
Due to the challenges associated with the computations of the moving contact line flows, only a few works on moving contact line flows with surfactants have been reported in the literature. The effect of insoluble surfactants on a droplet attached to a plane wall subjected to an over passing simple Stokes flow has been studied in [69] using a boundary integral method. The authors used marker points to track the interface, and assumed that the contact line remains circular and the interfaces having the shape of sections of a sphere. An immersed boundary method using the Marker-and -Cell method has been proposed in [40] for computations of two-dimensional (2D) semicircular droplet deformation with insoluble surfactants on a horizontal surface. The authors assumed that the initial velocity in the droplet is zero and the contact angle is 90
• . Numerical studies have been performed in [40] for different equilibrium contact angles. Recently, a finite difference scheme using the level-set method for computations of 2D semicircular droplet deformation with insoluble surfactants on a horizontal surface and for the detachment of a pendant droplet from a wall under gravity has been proposed in [67] . One of the main challenges in the Eulerian approaches with applications to moving contact line flows is guaranteeing the mass, and an artificial mass correction is needed [67] in order to guarantee the mass of surfactants.
In all these previous studies, hemispherical/semicircular droplet subjected to an external or non-equilibrium forces with insoluble surfactant have been considered. To the best of the authors knowledge, numerical studies of impinging droplets with soluble surfactant have not been reported in the literature so far. In particular, a numerical scheme based on a sharp interface approach, which is known for conserving the mass without any artificial correction [16] , has not been reported for computations of moving contact lines with surfactants. In this paper, we present a finite element scheme using the arbitrary Lagrangian-Eulerian approach for computations of impinging droplets with soluble surfactants. Since the free surface is resolved by the moving mesh in the ALE approach, the surface forces including Marangoni effects can accurately be incorporated into the numerical scheme. Moreover, the surface evolution-equation is approximated on the discrete representation of the free surface directly. In addition, the inclusion of the dynamic contact angle and the adsorption/desorption balance condition for the surfactant mass transfer are straightforward 2 in the considered sharp interface method. More importantly, an artificial correction is not needed in order to conserve the mass of the fluid and of the total surfactants. The paper is organized as follows. In Section 2, the governing equations of the impinging droplet with soluble surfactant are presented. The dynamic contact angle that depends on surfactants is described in Section 3. The dimensionless form of the model equations, ALE approach, finite element formulations and mesh handling techniques are presented in Section 4. The mesh convergence of the proposed numerical scheme and the numerical results for an impinging droplet with soluble surfactants are given in Section 5. Finally, in Section 6 we summarize the key observations of this study.
Governing equations
We consider a surfactant liquid droplet impingement on a horizontal solid substrate. The computational domain of the droplet is denoted by Ω(t), whereas ζ(t) denotes the moving contact line, Γ 1 and Γ 2 denote the free surface and the liquid-solid interface, respectively. Moreover, Γ(t) := Γ 1 (t) ∪ Γ 2 (t) ∪ ζ(t) is the boundary of Ω(t), and θ is the contact angle. We assume that the liquid is incompressible and the effects of the surrounding gas on the flow dynamics of the droplet are negligible. The computation starts immediately after the droplet impinges on the solid surface, and it ends at a specified final time I.
Navier-Stokes equations
The fluid flow in the droplet is described by the time-dependent incompressible Navier-Stokes equations
where the set Ω(t) × (0, I) has to be understood as {(x, t) ∈ R 4 : x ∈ Ω(t), t ∈ (0, I)}. Here, u is the velocity, p is the pressure, ρ is the density of the fluid, g is the gravitational constant, t is the time, e is an unit vector in the opposite direction of the gravitational force. We assume that the droplet impinges on the solid surface perpendicularly with the impact velocity
where u imp is the impact speed of the droplet. Furthermore, S(u, p) is the stress tensor, and for the considered Newtonian incompressible fluid it is defined as
where µ is the dynamic viscosity, D(u) is the velocity deformation tensor and I is the identity tensor. The Navier-Stokes equations (1) are closed with the kinematic and force balancing conditions
and the Navier-slip boundary condition
Here, w is the velocity of the computational domain Ω(t) and β ǫ is a given slip coefficient. Further, ν 1 denotes the unit outer normal vector on Γ 1 (t), τ i,2 , i = 1, 2 denote the tangential vectors on Γ 2 (t), and ∇ Γ1 denotes the tangential gradient (defined in Section 2.2). By neglecting the dilatational surface viscosity and the surface shear viscosity in the Boussinesq-Scriven law, the surface stress tensor, S Γ1 can be obtained as
Here, σ(C Γ1 ) > 0 is the surfactant-dependent surface tension, and P ν 1 = I − ν 1 ⊗ ν 1 is the tangential projection. The surfactant-dependent surface tension can be defined using the Henry linear equation of state (LEOS) 
is also used, see for example [11, 35, 47] . Here, C ∞ Γ is the maximum surface packing surfactant concentration.
Surfactant transport equations
In a soluble surfactant model, surfactant transports in the bulk phase (inside the droplet) and on the boundaries of the droplet, that is, on the free surface and on the liquid-solid interface have to be modeled by scalar transport equations. The exchange of surfactants between the bulk phase and the boundaries is modeled by a source term that contains adsorption and desorption coefficients. The transport of surfactant concentration in the liquid droplet is described by the scalar convection-diffusion equation
with the initial and boundary conditions
for k = 1, 2. Here, C is the surfactant concentration in the bulk phase, C Γ1 is the surface surfactant concentration on the free surface, C Γ2 is the surface surfactant concentration on the liquid-solid interface, D c is the diffusive coefficient of the surfactant in the bulk phase, c 0 is the initial concentration of surfactants in the bulk phase, and ν 2 is the unit outer normal vector on Γ 2 (t). The source term S(C Γ k , C) is given by
where K a k and K d k are adsorption and desorption coefficients, respectively, on Γ k (t), k = 1, 2. The surfactant transport on the moving boundaries Γ k (t) is described by the surface transport equation
for k = 1, 2, together with the initial and the continuity condition on the moving contact line, ζ(t)
Here, D 1 , and D 2 are the surface diffusive coefficients of C Γ1 and C Γ2 , respectively, U is the tangential velocity of the free surface/interface, C Γ k,0 , initial concentrations on Γ k . Further, ∇ Γ k (·) and ∇ Γ k · (·) are the surface (tangential) gradient and the surface divergence operators defined by
In the continuity condition at the moving contact line (10), ν ζ is the co-normal vector that is normal to ζ(t) and tangent to Γ 1 (t). Furthermore, τ 1,2 is the scaled projection of ν 1 onto the plane Γ 2 (t) defined by
such that τ 1,2 is normal to ζ(t). The other tangential vector can be defined as τ 2,2 = τ ⊥ 1,2 , which is perpendicular to τ 1,2 and ν 2 .
3. Dynamic contact angle at the moving contact line
Equilibrium contact angle
In thermal, mechanical, and chemical equilibrium state, the equilibrium contact angle, θ of a liquid droplet on a clean, homogeneous, and smooth surface satisfies the Young-Dupre equation
where σ sg and σ sl are interfacial tension of the solid-gas and liquid-solid interfaces, respectively. In general, the contact angle and the surface tension are measured experimentally, and used in computations to describe the wetting behavior. However, the experimental measurement of σ sg and σ sl are seldom available. The contact angle θ in (11) is also referred to as the static contact angle, and is unique for the considered gas, liquid and solid material phases at the equilibrium state. However, the contact angle deviates from the equilibrium value when the contact line moves, and the difference between the advancing contact angle and the receding contact angle is referred to as a contact angle hysteresis. In general, the contact angle that incorporates the hysteresis is called the dynamic contact angle θ d . The evidence for the dynamic behavior of the contact angle can be found in experiments, see for example, [8, 32] . The dynamic contact is also referred to as the apparent or macroscopic contact angle since it is measured away from the contact line in experiments. Surface roughness, contamination on surfaces, thermal effects are some of the reasons for the dynamics behavior of the contact angle.
Equilibrium contact angle for droplets with soluble surfactants
Application of Young-Dupre equation for interfacial tensions that depend surfactants has limitations. Suppose that the surfactant concentration on the solid-gas is denoted by C Γ0 , then in the thermal, mechanical, and chemical equilibrium state the Young-Dupre equation can be written as
It is impractical to use the above relation since the solid-gas and liquid-solid interfacial tensions are still needed. However, using the nonlinear equation of state (5), the above relation (12) can be written as
Here, θ 0 is the contact angle of a droplet with clean free surface. In addition to the Marangoni effects of surfactants on the free surface, an increase in C Γ1 reduces the contact angle when θ 0 is less than 90
• , and increases when θ 0 is greater than 90
• . Furthermore, the equilibrium contact angle decreases further when C Γ2 is greater than C Γ0 and increases when C Γ2 is less than C Γ0 even for θ 0 = 90
• . For instant, the surfactant concentration on the liquid-solid interface may vary in droplets with soluble surfactants, and it will not be equal to the surfactant concentration on the solid-gas interface. It has been observed in experiments [4] , where the measured equilibrium contact angle for pure water on a clean stainless steel was 90
• , and adding 100 and 1000 ppm surfactants reduced the equilibrium contact angle to 55 and 20 • , respectively. 5
The relation (13) can further be simplified by assuming C Γ0 and C Γ2 are equal, and it reduces to θ(C Γ1 ) = cos
Note that the above relation (14) is independent of surfactant concentrations on the liquid-solid and on the solid-gas interfaces provided that these concentrations are equal. A similar relation can also be obtained for the linear equilibrium of state (4). It is interesting to note that the surfactant concentration C Γ1 on the free surface has no influence on the contact angle when the equilibrium contact of the clean surface, θ 0 = 90
• and C Γ0 = C Γ2 .
Dynamic contact angle
Several models have been proposed in the literature for the choice of the contact angle in computations of flows with moving contact lines, see [15] for a recent comparative study of different contact angle models in computations of droplet impingement. In general, the contact angle is incorporated as a surface force in discretization based numerical schemes [15] . Until the droplet attains its equilibrium state, the measured contact angle of the droplet need not be equal to the prescribed contact angle in the surface force. Consequently the imbalance in the surface force induces a non-zero tangential velocity, that is, the surface force is transferred into a kinetic energy. Thus, it is necessary to allow the liquid to slip in the vicinity of the contact line to incorporate this phenomenon in a discretization based numerical scheme.
Several boundary conditions for the liquid-solid interface have been proposed in the literature for moving the contact line, see [10] for an overview. Among all, the Navier-slip boundary condition is widely accepted. The appropriate choice of the slip length in the Navier-slip boundary condition is a main challenge. Although, a number of expressions have been proposed for the slip length [5, 7, 29] , an exact mathematical expression is missing. A more complicate non-linear form of the slip length has been also proposed for a Newtonian liquid in molecular length scale [58] . The experimental evidences show that the slip length varies for different flow at different situations.
The dynamic contact angle will attain the prescribed equilibrium value when the droplet attains its equilibrium state, that is, when the kinetic energy becomes zero. Therefore, it is sufficient to use the equilibrium contact angle with "appropriate slip length" in computations of moving contact line flows when discretization based numerical schemes are used [15] .
Numerical scheme
We transform the model equations into an arbitrary Lagrangian-Eulerian form after writing it in a dimensionless form. We then derive variational forms of the Navier-Stokes equations and the surfactant concentration equations. In particular, we derive a one-field formulation for the surface surfactant concentration equations using the continuity condition of surfactants at the moving contact line. After that, we briefly present the spatial and the temporal discretizations of the model equations. Finally, the mesh moving technique is presented briefly, for a detailed description of the mesh handling, we refer to [20, 22] .
Dimensionless form
Let the characteristic length and velocity be L and U, respectively. Define the dimensionless variables
Applying these variables in the Navier-Stokes equations (1) in the usual way, and omitting the tilde afterwards, we get the dimensionless form of the Navier-Stokes problem as
with the dimensionless numbers (Reynolds, Weber, Froude and slip, respectively)
and the dimensionless stress tensor S(u, p)
Here, the scaled surfactant-dependent surface tension in the case of linear equation of state (4) becomeŝ
where E is the surfactant elasticity defined as E = RT C ∞ Γ /σ 0 , and in the case of nonlinear equation of state (5) becomesσ
Using the dimensionless variables in Eq. (6), we get the dimensionless form of the surfactant transport problem in bulk phase as
for k = 1, 2, where the non-dimensional form of the source term becomes
Similarly, the dimensionless form of the surface transport equations become
where
The dimensionless numbers (Peclet, Biot, Damköhler and α k ) in Eqs. (21), and (22) are given by
ALE formulation
The time-dependent domain is handled by the arbitrary Lagrangian-Eulerian approach using moving meshes, which resolve the free surface and the liquid-solid interface. LetΩ be a reference domain of Ω(t). Define a family of ALE mappings
where X and Y are termed as Eulerian and ALE coordinates, respectively. To derive the ALE form of the model equations, we assume that the mapping A t for all t ∈ (0, I) is homeomorphic, that is, A t is bijective, continuous and its inverse A −1 t is also continuous. Further, assume that the mappings are differentiable almost everywhere in (0, I). Consequently, these assumptions impose that the topology of the domain should remains same. For the surfactant concentration C : Ω(t) × (0, I) → R, which is defined on the Eulerian frame, define their correspondingĈ and its time derivative ∂C ∂t Ω on the ALE frame bŷ
Furthermore, the domain velocity on the ALE frame is defined by
Applying the chain rule to the time derivative of v in the ALE frame, we get
The time derivatives of a vector valued functions on the Eulerian frame can also be transformed to the ALE frame component-wise. Note that the time derivative in the ALE form will become a material derivative when the convective velocity u and the domain velocity w are same, which is the Lagrangian description of the equations. After rewriting the time derivatives in the soluble surfactant droplet impingement model equations using (23), the Navier-Stokes equations (15), the bulk surfactant concentration equation (21) , and the surface surfactant concentration equation (22) become
for k = 1, 2. Note that the free surface and the liquid-solid interface move with the liquid velocity, and therefore the surface transport equations (26) are written in the Lagrangian description.
Variational formulation
Let L 2 (Ω(t)), H 1 (Ω(t)) be the Sobolev spaces, and (·, ·) Ω be the inner product in L 2 (Ω) and its vectorvalued versions, respectively. Define the functional spaces for the velocity and pressure as
where the no penetration boundary condition on liquid-solid interface is incorporated in the velocity space.
To derive the variational form of the Navier-Stokes equations, we multiply the mass and momentum balance 8
equations (24) by test functions q ∈ Q and v ∈ V , respectively, and integrate over Ω(t). Applying integration by parts to the stress tensor, we get
Rewriting the boundary integral into integral over Γ 1 (t) and Γ 2 (t), and after applying the Navier-slip condition, the liquid-solid interface integral becomes
This integral term will be added on the left hand side of the system, and it improves the stability of the system. Similarly, the free surface integrate, after incorporating the force balancing condition, will become
where ζ(t) is the contact line and ν ζ is the co-normal vector at the contact line, which is normal to ζ and tangent to Γ 1 (t). Note that the Marangoni effects induced by the nonuniform surfactant concentration are included into the numerical scheme without evaluating the tangential gradient of the surface tension, which is different from the Laplace-Beltrami operator technique used in [17, 20, 22] . After including the contact angle in the integral over the contact line, as in [17] , the variational form of the Navier-Stokes equations read:
For given u(0) and (27) for all (v, q) ∈ V × Q, where
The variational forms of the surfactant concentration equation (25) is obtained in the usual way. Let G(Ω(t)) := H 1 (Ω(t)) and M (Γ(t)) := H 1 (Γ(t)) be the usual Sobolev spaces. Further, in order to write the surfactant concentration equations on the free surface and on the liquid-solid interface in a one-field formulation, we define
Multiplying Eqs. (25) and (26) by test functions φ ∈ G and ψ ∈ M , integrating over Ω(t) and Γ k (t), respectively, incorporating the boundary and continuity conditions, we obtain the coupled problem for the soluble 9 surfactant concentration:
Discrete problem
We first present the temporal discretization of the coupled system (27)- (29) , in particular, the application of the fractional-step-θ scheme is discussed. Further, a fixed point type iteration for the nonlinear convective term in the Navier-Stokes equations (27) and a Gauss-Seidel type iteration for the coupled surfactant equations are presented. The choice of finite elements for the spatial discretization of the system (27) - (29) is discussed.
Temporal discretization
Let 0 = t 0 < t 1 < · · · < t N = I be a decomposition of the considered time interval [0, I] and δt = t n+1 −t n , n = 0, . . . , N − 1, be the uniform time step. Also, we use short notations Ω n := Ω(t n ) and u n = u(x, t n ) to denote the computational domain and the function value, respectively at time t n . We use the fractionalstep-θ scheme, which is strongly A-stable and of second-order convergent on fixed domains [60] , for temporal discretization of the coupled system. The fractional-step-θ scheme consists three sub-steps in a given time interval (t n , t n+1 ). Let
The three fractional-steps of (t n , t n+1 ) are (t n , t n1 ), (t n1 , t n2 ) and (t n2 , t n+1 ), where t n1 = t n + ϑ δt, and t n2 = t n+1 − ϑ δt. Applying the fractional-step-θ scheme to the coupled system (27)- (29) , the first sub-step of the three fractional-steps of the coupled system reads:
Step 1:
The second and third sub-steps are obtained in a similar way [60] .
Solution of the nonlinear system
We discuss the solution procedure for the coupled system in the first step of the fractional-step-θ scheme, and the same procedure is followed in other two sub-steps. In addition to the nonlinear convection term in the Navier-Stokes equations (30) , the unknown computational domain, the domain velocity and the surfactantdependent surface tension make the computation more challenging. Since the computational domain, Ω n1 , is part of the Navier-Stokes solution, the Navier-Stokes equations (30) are solved in the previous time-step domain, Ω n . Further the surfactant-dependent surface tension also treated explicitly, that is,Ĉ n Γ is used in the source term f n1 (v), and it decouples the Navier-Stokes equations (30) from the surfactant concentration equation (32) . Moreover, the curvature term in f n1 (v) of (30) is treated semi-implicitly, that is,
The second integral in (33) is symmetric, and it is added to the left hand side of (30) that gives additional stability to the system. The nonlinear convection term in (30) is handled by a fixed point iteration as in [19] . Let u At the end of the fixed point iteration, we move the domain with the domain velocity w n1 to obtain Ω n1 . We then solve the coupled surfactant equations (31) and (32) in Ω n1 and Γ n1 , respectively, by a Gauss-Seidel type fixed point iteration as follows. Let C n1 (31) and (32), respectively, and iterate until the residual of (31) becomes less than 10 −12 . In computations, the fixed point iteration of the Navier-Stokes satisfies the stopping criteria within two or three iterations for δt=5 × 10 −4 , and the number of iterations increase when δt is increased. In addition to the dependency on the time step, the number of Gauss-Seidel type iteration of (31) and (32) depends on α and Bi.
Finite element discretization
We assume that the droplet impingement is 3D-axisymmetric, and we rewrite the volume and surface integrals in (27) - (29) into area and line integrals using the cylindrical coordinates as described in [19] . Itallows to use two-dimensional finite elements for approximating the velocity, pressure and bulk surfactant concentration on the cross-section and a one-dimensional finite elements for approximating surfactant concentration on free surface and liquid-solid interface. We triangulate the cross-section with triangles, and use the inf-sup stable Taylor-Hood finite elements, that is, continuous piecewise quadratic polynomials and continuous piecewise linear polynomials for the appropriation of the velocity components and pressure, respectively. Moreover, we use the continuous piecewise quadratic polynomials for the approximation of the surfactant concentrations in the bulk and on the interfaces.
Mesh handling
The mesh velocity needs to be computed in each fixed point iteration step of the Navier-Stokes equations, see Section 4.4.2. To compute the mesh velocity we first obtain the displacement of the boundary using the fluid velocity. We then solve the linear elasticity equation for the displacement of the inner mesh points with the obtained boundary displacement as boundary value. For instance, to calculate the mesh velocity w n+1 , let the boundary displacement obtained from the Navier-Stokes equations be Υ n+1 , then the displacement Ψ n+1 is calculate by solving
In computations, the Lame constants λ 1 and λ 2 are chosen as one. Further, continuous piecewise linear polynomials are used to approximate each component of the displacement vector. During the mesh movement, vertices on the free surface may accumulate at some part of the boundary due to the tangential movement induced by the Marangoni convection. To avoid remeshing, we verify the ratio of the minimum and maximum edge size on the free surface, and redistribute the vertices using interpolated cubic spline. To incorporate the redistribution, we add the tangential displacement vector that requires to redistribute the vertices in the mesh velocity calculation during the nonlinear iteration of the Navier-Stokes equations. This approach will automatically redistribute the vertices on the free surface during the mesh update. However, the free surface vertices may become a part of the liquid-solid interface due to rolling motion. In this case, the free surface boundary condition has to be replaced with the slip with friction boundary condition, and the free surface vertex become the wetting point. Consequently, the finite element spaces have to be reconstructed. Also, the surface meshes of Γ 1 and Γ 2 change during this process, and need new finite element spaces. The entire process is handled automatically by mapping the old solution to the new finite element spaces without remeshing, as the number of finite element degrees of freedom (unknown solution coefficients) do not change during the change in boundary description. Moreover, the minimum angle of the triangular mesh is calculated at every time step, and a remeshing will be done when the minimum angle of the mesh is less than 10
• . During the remeshing, the old solutions are interpolated to the new mesh. To minimize the interpolation error, the Navier-Stokes equations are solved with the interpolated velocity as an initial guess and w = 0 before advancing to the next time step. Note that the remeshing is not necessary at every time step, as the inner mesh points are moved with the elastic mesh update.
Validation
Simulations of impinging droplets without surfactants (clean droplets) using the proposed ALE finite element method have been compared with the experimental results in our previous studies [14, 15, 17] . Further, the numerical scheme for transport of surfactants in bulk and on the interface/free surface has been validated with analytical solutions in [20, 22] . Numerical studies of surfactant droplet impingement using the proposed numerical scheme with the surfactant-dependent contact angle model are carried out here. We first perform a mesh convergence study using the impinging droplet configuration, in particular, with surfactant-dependent contact angle. Computational results of the clean droplets are also compared with the experimental results. Moreover the effects of adsorption and desorption coefficients on the flow dynamics of wetting and non-wetting droplets are studies. In these numerical studies, the relative mass fluctuation of the droplet over time is given by
where r, z are radial and axial coordinates in axisymmetric domain, and Φ(t) is the axisymmetric meridian domain of Ω(t). The above integrals are evaluated in the axisymmetric configurations [19] . Further, the relative fluctuation of the total surfactant mass is computed by
C Γ r ds.
In addition, the sphericity of the droplet is calculated using sphericity = surface area of the volume-equivalent sphere surface area of the droplet .
It implies that the sphericity will be one when the droplet is in spherical shape, and the sphericity will be less than one when the droplet deforms. The sphericity gives a quantitative measure of the droplet deformation. Further, the kinetic energy in the droplet is calculated using kinetic energy =
Note that the dimensionless velocity is used in the above definition, and it has to be multiplied with U 2 in order to get the kinematic energy in the dimensional form.
Mesh convergence
A mesh convergence study is performed for the numerical scheme presented in the previous section. We consider a hemispherical droplet of diameter d 0 =1.29×10 −3 m on a horizontal surface. The initial surfactant concentration on the free surface is assumed to be uniform, that is, C Γ1 (·, 0) = 0.5, and the no flux is imposed at the moving contact line. Further, the liquid-solid interface is assumed to be clean, that is, C Γ2 (·, 0) = 0, and remains clean during computations due to the no flux condition at the contact line. Moreover, we assume that there is no transport of surfactants between the free surface and the bulk phase, that is, no adsorption or desorption of surfactants, K • . Since θ 0 is more than 90
• , the presence of surfactant on the free surface will increase the contact angle further, see (14) . The initial mesh level (L0) contains 25 vertices on the free surface with h E = 0.06282152, and the successive mesh levels are obtained by uniformly refining the initial mesh.
Initially, the contact angle and the wetting diameter are not in the equilibrium state, and thus the droplet starts to deform and attains it equilibrium state after a sequence of recoiling and spreading. Figure 1 shows the wetting diameter and the sphericity of the droplet till the droplet attains its equilibrium state. The values obtained with different meshes are almost identical, and it shows that the free surface with the L0 mesh is enough to obtain a mesh independent wetting diameter and sphericity. The dynamics of the kinetic energy and the contact angle of the droplet during the sequence of recoiling and spreading are presented in Figure 2 for all mesh levels. The dynamic phenomenon observed in computations of contact angle supports the earlier discussion, see section 3.3. The initial contact angle is 90
• , which is different from the equilibrium value for the given droplet configuration. The computationally obtained contact angle increases initially to a maximum value (≃ 118
• ), and oscillates around its equilibrium value before attaining it. Further, the kinetic 13 energy attains a maximum value when the contact angle differs from its equilibrium value, see Figure 2 . The contact angle value obtained with L0 mesh is different from values obtained with other meshes. It clearly shows that a mesh with at least h E = 0.03141076 on free surface is needed for a mesh independent solution. Finally, the observed relative mass fluctuation of the liquid droplet and of the surfactants during the computations are presented in Figure 3 for all mesh levels. Except the L0 mesh, the mass fluctuations in all other mesh levels are similar and very less. Further, we can observe the convergence behavior clearly. Based on this mesh convergence study, we use a mesh with h E = 0.01570538 on the free surface in all computations of droplet impingement.
Computational examples of soluble surfactant droplet impingement
Effects of soluble surfactants on the flow dynamics of impinging droplets with soluble surfactants are studied in this section. In particular, numerical studies on the influence of adsorption and desorption coefficients on the flow dynamics of wetting, partially wetting and non-wetting droplets are performed. 41.87
Influence of adsorption in wetting droplets
We first study the influence of the adsorption coefficient on the flow dynamics of a soluble surfactant droplet impingement. We consider a water droplet of diameter d 0 =1.29 × 10 −3 m impinging with the preimpact speed u imp =1.18 m/s, and initial surfactant concentrations, c 0 = 2000 and C Γ (x, 0) = 0. An equilibrium contact angle θ 0 =46
• has been observed in the experimental study [52] for a clean water droplet on a polished silicon surface, and it is used here. Using L=d 0 and U =1.18 m/s as characteristic values, we get Re=1522, We=25 and Fr=110. In this example, we consider the following three variants: (1) α = 1, (2) α = 10 and (3) α = 100. The computations of all variants are performed with Pe c = 2, Pe Γ = 2, Bi = 0, Da = 775, δt = 0.0005 and β = 1.476776/h E , where h E is the edge size on the liquid-solid interface. Even though the initial surfactant concentration on the liquid-solid interface is zero, it increases due to the adsorption of surfactants from the bulk phase and the transport of surfactant from the free surface. The transport of surfactants from the free surface into the liquid-solid interface may occur due to the imposed continuity condition at the contact line and the rolling motion of the droplet during spreading. Nevertheless, the influence of surfactant on the liquid-solid interfacial coefficient is neglected, and therefore the contact angle model (14) is used in all simulations of droplet impingement.
The computationally obtained wetting diameter, sphericity, kinetic energy and contact angle for all considered surfactant variants and for the clean droplet case (c 0 = 0 and C Γ (x, 0) = 0) are presented in Figure 4 . The wetting diameters of different variants are compared with the experimentally observed wetting diameter in Fig. 4 (a) , and the clean droplet case matches very well, both qualitatively and quantitatively, with the experiment results presented in [52] . Since θ 0 is less than 90
• in this example, the surfactantdependent contact angle model (14) reduces the equilibrium contact angle further when the concentration of surfactant increases. Consequently, the maximum wetting diameter and the equilibrium wetting diameter of the droplet also increase, see Fig. 4 (a) . The increase in the wetting diameter reduces the sphericity of the droplet, see Fig. 4 (b) . These observations show that the surfactant-dependent contact angle is incorporated into the numerical scheme precisely. Initially, the kinetic energy is very high due to the pre-impact velocity and non-equilibrium surface force, and it approaches to zero when the droplet attains the equilibrium state. The effects of surfactants on the kinetic energy of the droplet is negligible, Fig. 4 (c) . Initially, say until t = 2, the computationally obtained dynamic contact angle in both surfactant and clean cases are similar, since C Γ (x, 0) = 0. However, the dynamic contact angle of the surfactant droplets becomes small when the surfactants are transported to the free surface from the bulk phase, say aftert = 2. Though the effects of surfactants on the flow dynamics of the droplet are clearly observed, the influence of the adsorption coefficient is negligible for the considered surfactant droplet configuration.
To compare different flow and geometric parameters of the droplet impingement simulations quantitatively, the sphericity, the kinetic energy, and the dynamic contact angle of the droplet are given in Table 1 . Further, the maximum mass fluctuations and the maximum wetting diameter obtained in all variants are also presented in the table. The dynamic contact angle, as expected, is less in surfactant droplets values in comparison with clean droplet case, and it will attain its equilibrium value when the kinetic energy become zero. The maximum fluctuations in the droplet's volume and in the surfactant mass are less than 1.52% and 1.3%, respectively, see Table 1 . 16 The sequence of droplets obtained at different instances, t=0.1, 0.225, 0.625, 1.25, 3.75, 25, during the computations of the clean and the surfactant cases are presented in Fig. 5 . The contour lines of the pressure in the clean droplet case and the surfactant and the magnitude of velocity in the variant (3) are depicted in Fig. 5 . The capillary waves in the droplet during the initial stage and the linear distribution of pressure at the equilibrium stage can clearly be seen in the pressure contours. Next, the surfactants in the bulk phase are transported to the free surface during the droplet deformation, and its concentration in the bulk phase becomes zero, see the middle column in Fig. 5 . Finally, arrows in each picture of the velocity contours in Fig. 5 represent the flow direction.
Influence of desorption in wetting droplets
To study the influence of desorption of surfactants on the flow dynamics of the droplet impingement, we consider the same droplet configurations as in the previous section. However, we take α = 0, the initial surfactant concentrations, c 0 = 0 and C Γ (x, 0) = 0.5 in this numerical test. Further, the following three variants, (1) Bi = 1, (2) Bi = 5 and (3) Bi = 10, are considered. The computations are performed until the dimensionless time I= 25.
The wetting diameter, sphericity, kinetic energy and contact angle obtained in computations of all variants are presented in Fig. 6 . Since the Biot number is nonzero in all variants, the surfactants on the interface are transported into the bulk phase, and eventually the free surface becomes clean after some 45.83 time. Further, we observed that the influence of surfactants on the flow dynamics is negligible, as effects of the Marangoni convection and the surfactant-dependent contact angle become negligible when the interface becomes clean. Theses observations can be seen in each picture of Fig. 6 , where the curves of different variants are almost identical. It shows that the impurities do not affect the flow dynamics of the droplet much, when the impurities are transported into the bulk phase. To support this observation quantitatively, the parameters obtained in all variants are given in Table 2 . The tabulated values are almost identical in all variants. Moreover, the maximum fluctuations in the droplet's volume and in the surfactant mass are less than 1.53% and 1%, respectively. Since the influence of surfactants in the desorption case is negligible on the flow dynamics of the droplet impingement, only the adsorption cases are studied in the next sections.
Influence of adsorption in non-wetting droplets (θ
We now consider an impinging water droplet of diameter d 0 =2.7 × 10 −3 m impinging with the preimpact speed u imp =1.56 m/s and the equilibrium contact angle θ 0 = 100
• . The experimental results of the considered clean droplet case are presented in [62] . The resulting dimensionless numbers are Re=4212, We=90 and Fr=92. Further, Pe c = 2, Pe Γ = 2, Bi = 0, Da = 370, δt = 0.0005 and β = 0.75/h E are used in computations. In general, the non-wetting droplets with surfactants are more interesting to study, as the presence of surfactants on the interface increases the Weber number by reducing the surface tension that eventually increase the wetting diameter. Contrarily, the capillary effect reduces the wetting diameter when the contact angle increases due to an increase in the surfactant concentration. Since the We has no influence at the equilibrium state, the wetting diameter will be less and the contact angle will be more in the surfactant droplet when compared to the clean droplet. To study this behavior in detail, the following three variants, (1) α = 1, (2) α = 10 and (3) α = 100, are considered.
The obtained wetting diameter, sphericity, kinetic energy and contact angle in computations of all variants are presented in Fig. 7 . The obtained wetting diameter in computations of all variants are compared in Fig. 7 (a) with the experimentally observed wetting diameter of the clean droplet presented in [62] the considered equilibrium contact angle is close to 90
• , the influence of surfactant-dependent contact angle on the flow dynamics is less. Unlike the previous test case considered in Section 6.1, a topological change (breaking/splashing) is observed in this example due to high Re=4212. Since the topological changes are not modeled in the numerical scheme, the computations break down when the distance between the interfaces and/or boundaries are less than the mesh size. The time at which each variant of droplet breaks down (End time) is presented in Table 3 . All other parameters such as the mass fluctuations, maximum wetting diameter, sphericity, kinematic energy and the contact angle obtained in all variants are comparable, see Table 3 . Despite the strong deformation due to high Reynolds number, the maximum fluctuations of the droplet's volume and the surfactant mass are less than 3.6% and 2.4%, respectively, in all computations.
Influence of adsorption in an impinging droplet with θ 0 = 90
• We next consider a surfactant droplet impingement with θ 0 = 90
• in which the surfactants have no effect on the contact angle when the model (14) is considered. However, the surfactants will increase the Weber number by reducing the surface tension, and consequently the maximum wetting diameter will be increased. We consider the same flow properties and the droplet configurations as in Section 6.3 but with θ 0 = 90
• . The computed variants are (1) α = 1, (2) α = 10 and (3) α = 100. Computationally obtained wetting diameters of these variants of surfactant droplets are compared with the clean droplet case. Note that the given initial distribution of the surfactant on the interface is uniform and the surface Peclet number is small, and therefore the effect of Marangoni convection will be negligible. 20 The numerical results, the wetting diameter, sphericity, kinetic energy and contact angle, of these surfactant droplet variants and the clean droplet case are presented in Fig. 8 . Even though the wetting diameter cure of all variants are similar in (14) (a), a close-up view of the wetting diameter in (14) (a) reveals the difference in the maximum wetting diameter. Further, to quantify the influence of surfactants, different parameters are tabulated in Table 4 . Also, the time at which each variant of droplet breaks down (End time) is presented in Table 3 . In comparison to the droplet with θ 0 = 100
• (Section 6.3), the topological changes occur later, say around t = 13, in θ 0 = 90
• example.
Influence of adsorption in an impinging droplet with θ 0 = 125
• We finally consider a non-wetting water droplet with θ 0 = 125
• . The flow properties and the droplet configurations are same as in Section 6.3, except θ 0 = 125
• . Since the contact angle is large in the high Reynold number example, the droplet spreads, recoils and bounce very quickly. In particular, the topological changes occur early in comparison with θ 0 = 100
• and θ 0 = 90
• cases (Section 6.3 and 6.4). Further, an interesting observation is that the topological changes in the surfactant droplet occurs early than the clean droplet, see Table 5 . In the presence of surfactants, the surface tension will be less and eventually the topological changes are expected early. Other than this effect, the surfactant has almost no effects on the flow dynamics of the droplet, see Table 5 where the tabulated values are almost identical. 
Summary and Observations
A finite element scheme using the arbitrary Lagrangian-Eulerian approach is presented for computations of 3D-axisymmetric impinging droplets with soluble surfactants. The key ingredients of the scheme are the use of Boussinesq-Scriven law to include the Marangoni effects that avoids the calculation of gradients of surfactant concentration on the free surface, a surfactant-dependent dynamic contact angle model and an accurate inclusion of surface forces with isoparametric finite elements in a moving mesh. The numerical 22 procedure includes the solution of the time-dependent Navier-Stokes equations, the bulk surfactant concentration equation and the surface evaluation equations. Since the free surface resolved moving meshes are used, the discrete representation of the free surface is used as a computational mesh for the surface evaluation equations. Further, an iteration of Gauss-Seidel type is employed for an implicit treatment of the adsorption/desorption balance condition for the surfactant mass transfer. A mesh convergence study and comparisons of computationally obtained wetting diameter with experimental results are performed to validate the scheme. An excellent conservation of the fluid mass and of the total surfactant mass is obtained with the proposed scheme. A number of computations for impinging droplets with soluble surfactants are performed, and the observations are summarized below.
• An increase in the surfactant concentration decreases the contact angle, when the equilibrium contact angle value of the clean droplet is less than 90
• .
• Contrarily, an increase in the surfactant concentration increases the contact angle further when the equilibrium contact angle of the clean droplet is more than 90
• The nonuniform surfactant concentration on the free surface induces the Marangoni effect.
• Apart from the Marangoni effect, the surfactant concentration decreases the surface tension force and thus increases the We number. It eventually increases the maximum wetting diameter of the impinging droplet.
• The effects of surfactants on the flow dynamics of the wetting droplet droplet are more in comparison with the non-wetting droplets.
• Surfactants on the free surface reduce the contact angle and increase the surface force in wetting droplets, and it eventually force the droplet to spread faster. However, surfactants on the free surface increase both the contact angle and the surface force in non-wetting droplets, and therefore the spreading is not affected much.
• Due to the increase in the surface force, topological changes (breaking/splashing) occur early in surfactant droplets in comparison with the clean droplet.
• Even though the We number has no influence at the equilibrium state of the droplet, surfactants alter the equilibrium contact angle and consequently surfactants change the equilibrium wetting diameter.
